The sampling and flow measurement of rivers is a very complex task, not only because of the amount of equipment to be carried and the parameters to be measured, but also because of the health risk involved for people who have to perform this activity frequently. For this reason, a flow measurement system named as SA-1 (Gauging System SA-1) has been designed, and built and, proposed as an innovative alternative, which is a teleoperated watercraft. This article describes this system and its mathematical models.
Introduction
Through flow measurement in water bodies, it is possible to determine its availability and pollution. Currently, the appraisal of water bodies in Mexico is done using the flowmeter sensors and, in many cases, the staff responsible of this activity must get into the water body and write on paper the readings obtained by the sensor. The risk posed to these workers is high, due to the possibility of having an accident by the presence of strong currents or getting a disease by the presence of contaminants in the water body.
While there is highly sophisticated equipment worldwide to perform the task of flow measurement such as ultrasonic sensors, for example, their high cost make them practically inaccessible [1, 2] . Gonzalez et al. [3] , developed the "system for the automatization of volume measurement using windlass". This system solves the problem partly; however, the worker enters in contact with the water body (for more information about flow measurement systems see the article: "Medición de Caudales Mediante la implementación de un vehículo acuático teleoperado" [4] ). Hence, a new alternative for water flow measurement, which has been termed as "Gauging System 1" (SA-1) is proposed.
With the creation of SA-1 the following benefits are sought: safeguarding the physical integrity of people, safeguarding the health of people, simplifying the sampling process, reducing costs and diminishing time for this activity.
To carry out theoretical studies involving a mobile robot, a complete mathematical model must be developed, which can be used to evidence, through simulations, the influence of changes on the robot's characteristics, thus making the planning of control strategies to cope with any task possible. The use of computer simulation in the design of control systems involving aquatic robots requires the development of kinematic and dynamic models that incorporate the main behavior characteristics. In this manner, modifications in the control scheme, aimed to obtain the best possible solution, are allowed before the physical implementation. Likewise, different solutions offering similar performances can be further evaluated in terms of the simplicity of their implementations [5] .
Mobile robots can be built based on different platforms, which differ in the kind of traction system used. The kinematic models of the most common platforms are based on differential steering. Similarly, there exist numerous dynamic models that describe the behavior of an aquatic system. However, the complexity of these models is a function of the number of hydrodynamics coefficients that must be computed experimentally through tow-tank or computational fluid dynamics analysis. As more hydrodynamic coefficients are determined, the accuracy of the model developed is closer [6] to real conditions, and vice versa, as less hydrodynamics coefficients are calculated, the model is simpler, and less close to the real system conditions.
Instead of determining these coefficients from physical principles, which can be a complicated task, some empirical equations can be used to obtain their values and still get a good approximation of the characteristics of the robot floats, such as those proposed by VanZweeten [7] for the modeling of the autonomous surface vehicle Delfim. Once the values of the hydrodynamic coefficients have been obtained, the Nomoto model is used to describe "the course of keeping yaw dynamics" under the assumptions that small rudder angles are involved and the forward speed is considerated constant [8, 9] . The Nomoto model is very popular due to its simplicity and relative accuracy.
The aim of this work is, in first instance, to design a system that performs the flow measurement of water bodies, followed by the development of the kinematic and dynamic models using unexplored criteria such as the pitch of the thrusters for the kinematics and the use of empirical equations, employed in large ships, to calculate the hydrodynamic coefficients required in the dynamic model. To validate the model, the response to the step signal is compared with respect to other models having similar characteristics to those of the SA-1.
The robot thrusters were also modeled. Once the model was obtained, a PWM (pulse width modulation) function was found. This function, obtained experimentally, was used to map a PWM value to an output voltage for the thrusters, thus obtaining a corresponding angular speed.
The driving of the robot was made through a Microsoft Sidewinder wheel, which will be named hereafter as the rudder.
2.:Considerations to design the gauging system SA-1
The SA-1 is a small teleoperated watercraft physically inspired by some others systems, such as the proposed by Massimo Caccia (SESAMO platform) [10] , the platform DELFIM developed by J. Alves from the Institute for Systems and Robotics in Lisbon, Portugal [11] , the NIMS-AQ platform developed by Michael J. Stealey from UCLA [12] and ROAZ, and a surface vehicle developed by Hugo Ferreira [13] , among others. Figure 1 shows the SA-1, which was designed to carry the various components required to realize the flow measurement in water bodies. As it can be seen, this watercraft is composed of three main parts: two side floats and a casing that houses the central computer system, power electronics, measuring instruments, and power source.
Mechanical description of the measurement system SA-1
The SA-1 has a measurement system responsible for taking readings in different bodies of water, using a flowmeter sensor and the area-velocity technique described above. This system is composed of a) a transmission system, b) the device containing the flowmeter sensor and c) an anchor whose function is to hold and stabilize the aquatic platform at the time of the readings. All these elements together compose the measurement system. Figure 2 illustrates this concept. The transmission system has two DC motors. One motor is in charge of the ascending and descending motion of the device containing the flowmeter sensor, and the second one has the task of moving up and down the anchor as required.
Each motor has an electrical power output of 62.16 W (1/12 hp), a mass of 5 kg (2.3 lb) and is provided with a gear box to obtain 115 rpm and augment the torque in the output shaft to get a torque of 4.8 N-m (43 lb-in). These motors are connected to a set of shafts whose purpose is to transmit motion to other parts of the systems that require it, such as the anchor and the device containing the flowmeter sensor. The measurement system has also pulleys and steel cable. Figure 3 shows the control hardware of the SA-1.
Hardware of the SA-1 system
A description of the most important elements is necessary for the development of this paper: a) PCM-9375. The PCM-9375 is a low-power and high-performance single-board computer (SBC) [14] . Its processor provides simplified programming capability and a friendly user environment. This computer performs communication operations between the SA-1 and the user terminal, and the interpretation of data coming from the flowmeter sensor readings or any other sensor installed in the aquatic platform. There exist other high cost computers with capabilities to control directly the hardware components. In order to achieve a lowcost system, it was decided to use a hybrid structure using a PCM-9375 interfaced to a microcontroller single-board computer Servopod from Newmicros. The program running on the PCM-9375 was developed in Java and it is in charge of some control operations and also sends the signals, transmitted by the user through the land computer to the microcontroller. b) Microcontroller Servopod. This type of controller is widely used in robotics and industrial applications. Its high performance characteristics make it useful for controlling the motors and thrusters of the SA-1. The servopod can be programmed in several languages such as Forth, Small C, Static C and assembler or in the resident language of the microcontroller: Isomax. It is used to control the thrusters, motors and sensors of the SA-1. c) Power circuit or speed controller. The speed stages of the motors and thrusters are controlled through the use of four speed controllers. The speed controllers are in charge of increasing or decreasing the angular speed of the thrusters and the motors, according to the PWMs values calculated by the program running in the Servopod, for each motor and thruster to produce the movements requested by the user. These amplifiers operate in such a way that they need an input signal similar to that used to control a model servomotor. d) Battery. Its function is to provide electric power to the hardware elements. A battery with a capacity of at least 27.46 Ah is required. This refers to a maximal consumption. However, given that neither the motors nor the thrusters are working at 100% at the same time, the consumption is considerably reduced. In fact, the chosen power supply system consists of a 12 V battery with capacity of 20 Ah connect in series with another battery of 6 V. e) Wireless link. The communication between the SA-1 and the user terminal is done using a couple of radio modems. A radio modem is connected to an USB port of the terminal of operation and the other is connected to an USB port of the PCM-9375 on board of the watercraft.
The SA-1 has a weight of 912.33 N. Its dimensions are: length 1m, width 1m, height 0.60 m (from the base of the floats to upper housing).
With the description of all elements of the SA-1, it is possible to develop the kinematic and dynamic models. In the analysis, the anchor is not considered.
Kinematic model

Study of the Propulsion System
Due to the importance of pitch in the development of this work, it is necessary to determine its value through of the following procedure, this is an aspect no treated yet by other researchers.
For the SA-1 kinematic modeling, it is necessary to consider that this aquatic platform presents a differential locomotion, i.e., analogous to differential overland robots; however, in this particular case, instead of considering the radius of the wheels, the pitch of the propellers of the thrusters is considered.
The pitch of a thruster is the displacement that the propellers can achieve in one revolution [15] . Figure 4 illustrates this concept. In consequence, it is necessary to establish the pitch of the propellers for this class of thrusters. In general terms, the pitch of a thruster is [16]   tan 2 r   (1) where P is the pitch of the thrusters' propellers,  is the angle shown in Figure 5 , and r is the radius of the propellers' blade. Likewise, the pitch of a propeller [17] can by calculated with the expression:
being c the parameter to calculate. Equaling Equations (1) and (2) The results obtained using the expressions of Equation (5), with P = 0.10 m, are shown in Section 8.
Propellers Efficiency
It is necessary to compute the theoretical efficiency  o of the propellers. This efficiency will be useful in some models, such as the thruster model. Therefore, the advanced coefficient [15, 16] is considered, which is given by the following expression:
where v a is the advanced speed of the propellers,  is the angular speed, and D is the diameter of the propellers. It is possible to determine v a using the following equation:
where p is the power, and, E is the thrust It is feasible to establish the real power and thrust of the thrusters, according with the graph shown in Figure 6 (Courtesy of the thrusters manufacturer [18] 
The last equation considered the power losses, according to shown in figure 6. Substituting this value of p in Equation (7) Similarly, the thrust coefficient can be determined using the equation
where  = 1000 kg/m 3 is the water density. Hence,
The torque coefficient, K Q , can be obtained using the graph reported by Velasco et al. [15] . The parameters required are the advanced coefficient, the thrust coefficient, and the ratio between the pitch and the propeller diameter (P/D), which in this case is 1.3. Using this ratio and the values of J and K T previously obtained, the value of the torque coefficient is K Q = 0.02.
The propeller efficiency can be obtained using the following expression:
Substituting values in this equation, the propeller efficiency obtained is  o = 44.16 %.
Kinematic model
The kinematic model was developed using the parameters of the SA-1 robot shown in figure 7. 
where b (b = 1m) is the distance between thrusters.
In general terms, the equations that govern a vehicle with differential guide [19] [20] [21] [22] [23] 
where r is the radio of the wheels of a land vehicle. If x 0 = y 0 = z 0 = 0, and recalling that, r is equal to the pitch P, for this particular case, then, Equation (13) can be written as
This is the kinematic model proposed for the SA-1 robot in function of pitch. The simulation results obtained with this model are shown in Section 8.
Dynamic model of the SA-1 Robot
Reference systems
The SA-1 can be considered as a rigid body with six independent coordinates (Figure 8 ), For this system, a reference system attached to the robot x, y, z, and other coordinate system attached to the earth x 0 , y 0 , z 0 , are considered. Given the kinematic model of the SA-1, the following movements are possible: rotations around the x, y, and z axes and movements along the x 0 , y 0 and z 0 axes In general, the most important movements of the SA-1 occur in the Figure 8 . Definition of the SA-1 coordinate system (configuration proposed by Ayza [24] ).
horizontal plane x 0 , y 0 . Hence, the movements of rotations in the x and y axes, and displacements in the z axis are assumed to be negligible [24] .
Thus, the movement of the SA-1 can be defined in terms of the following variables ( Figure 9 ): Figure 9 . Variables used in the development of the dynamic model.
x 0 , y 0 give the SA-1 position with respect to the earth fixed reference; δ is the gyro angle of the SA-1 or rudder angle (This concept is explained later); ψ is the yaw angle; V is the absolute speed of the SA-1, where u and v are its x-axis and y-axis components, respectively, and r is the yaw speed (note that ψ'=r).
Dynamic equations
The purpose of this section is to determine the physical equations of the model and thus establish the hydrodynamics coefficients required in the dynamic model.
The starting point is the set of equations, based on physical principles, corresponding to the surge, sway, and yaw motions [25] .
Surge:
where m is the mass of the SA-1, x G is the position of the x coordinate of the gravity center, r is yaw speed, r' is the yaw angular acceleration, v' is the acceleration component along the y axis, I z is the inertial moment referred to the z axis, X is the external force exerted on the robot in the x axis direction, Y is the external force exerted on the robot in the y axis direction, and N is the external moment exerted refereed to the z axis.
Assuming that the small yaw speed r and angle δ are small, then it can be also considered that the speed u and thrust E of the robot are constant [25] . Therefore, Equation (15) (15), (16), (17) can be written as Surge:
The first equation (18) relates the thrust with the boat's speed, and although this relationship is essentially nonlinear, in the study of government of the boat by linear models expressions (19) and (20) the govern equations are considered [25] .
Linearizing the functions Y and N, given in Equations (19) and (20) , about the equilibrium state v = r = δ = 0, the following equations are obtained [9, 25] :
Replacing (21) and (22) in the govern equations (19) and (20) , and ordering, it results [24, 25, 26] :
where M is the inertia matrix of the system, defined as
N is the hydrodynamic coefficient matrix, defined as (26) and τ is the coefficient vector related to the thrust and moment exerted by the thrusters, defined as
The coefficient Y v is obtained using the following expression [7, 15, 24, 27] :
Where C F is a negative constant that depends on the structure of the floats,  a is the angle of wind direction, A L is the area on the water line of the projection of the floats in the plane x-y, and q is the wind press on the floats. This parameter is given by [24] :
Where ρ a is the wind density, and V wind is the speed of the wind. is the displaced volume for the SA-1, and (23) (27) The coefficient N v (moment produced by the wind) can be computed using [7, 15, 24, 26] :
Where C M is a negative constant that depends on the floats' structure.
The expressions for the rest of the hydrodynamic coefficients (N v' , N r , and N r' ), are [7, 25] It is necessary to multiply the results obtained by two, since the SA-1 contains two floats [7] . In the last analysis each float has been considered as single hull ship in order to use these equations.
Transfer function for yaw and transversal speed
Equation (24) can be seen as [24, 25] : Equation (43) is known as the Nomoto second-order model [8, 9, 24, 25, 26, 28, 29] :
It is possible to transform Equation (43) into the time domain as
Noting again that [25, 26] (   12  21  21  12  11  22  22  11  2 
m ij and n ij , i = 1,2 and j= 1,2 are the elements of the matrices M and N , respectively, which were defined in Equations (25) and (26) . All these values were calculated using an algorithm developed in Matlab [30] .
The behavior of the dynamic model under different operating conditions was obtained through computer simulations using Matlab [30] . The results are shown and explained in Section 8.
Thruster model
The thrusters are modeled as direct current motors; therefore, the transfer function [31] that models this type of system is
Where  is the angular speed of the propellers in However, in this transfer function there is a degree of uncertainty due mainly to the fact that certain parameters of the thrusters are not provided by the manufacturer and therefore they are unknown. Under these circumstances, the error is of about 49.8 % (see Table 1 ). To correct this situation, the transfer function is scaled by a factor F c , called correction factor (Table 1 shows For this case, the error is now only 2.6 %. In the above table:
 m , is the angular velocity measured using a tachometer. 
The PWM function
The aim of the PWM (pulse width modulation) function is to establish the required PWM and voltage to be applied to the thrusters to obtain different angular speeds. The relation between PWM and voltage was obtained experimentally in the laboratory (see Section 8) . In the experiment, a linear relationship between the PWM and voltage was expected, however under certain type of switching of power devices, these can present a different behavior [32] . This is the case for the speed controllers used for control motors in SA-1 robot. According to the data, this relation can be approximated by the following fifth degree polynomial: 
Rudder Machine
The rudder machine is in charge of turning a ship according to an order sent by the user. By rudder we should understood all devices employed to direct the flow and cause a turning effect or thrust. In this paper, the rudder has been represented by the symbol δ. In the special case of the SA-1, the rudder is the device used for the maneuver to cause different velocities in their thrusters, in order to produce the gyro of the vehicle. In particular, the simulations were performed using a Microsoft Sidewinder wheel [34] shown in Figure 11 .
Direction dial
For the simulation, the rudder machine has a direction dial, shown in Figure 10 In the next section the results obtained are presented.
Simulation results
1. Propulsion system
According to Equation (5), the graph obtained of the triad of equations that governs the behavior of the thrusters' propellers is shown in Figure 12 .
The graph shows that for each revolution there exists a displacement of the robot of 0.10 m (100 mm). Therefore, the pitch P is equal to 0.1m.
2. Kinematic model
For a revolution of the propellers, the SA-1 moves 0.1 m (10 cm), according to the pitch value calculated. Figure 13 shows the result given by Equation (14) .
In the next simulation test, the angular displacement generated by the two thrusters is again one revolution but in the opposite direction. Once again, the vehicle moves 0.1 m (10 cm), but in reverse (Figure 14) .
In Figure 15 , the displacement of the SA-1 is shown when the ramp is applied to the right thruster. As expected, the turn is now clockwise.
In Figure 16 , the displacement of the SA-1 is shown when the ramp is applied to the left thruster. As expected, the turn is now clockwise.
The value of the ramp applied to the left thruster is different to the value applied to the right thruster. For the purposes sought in this article, the kinematic model operates properly and is verifiable. Some authors [33] recommend to consider the torque in function of the relative speed between the water and the robot. However, only intended to demonstrate that the pitch may be used as an important parameter in the determination of a single kinematic model of unmanned surface vehicles. 
Dynamic model
It is important to note that the behavior of the dynamic model found using the procedure described in this paper is similar to that developed by Menezes for the aquatic platform Roboduck-II . The Menezes' vehicle is used for environmental monitoring tasks and has characteristics analogous to those of the SA-1. However, Menezes used a different procedure for the modeling of the platform that the one used here. He determined the yaw-rate from the rate gyro sensors [6] and then used Matlab to establish the transfer function of the dynamic model. This transfer function is a Nomoto first-order model given by [6] :
The model proposed in Equation (59) This comparison shows that the dynamic model obtained through the procedure here described is adequate for the purposes intended in this paper.
Thruster model
The measured (real), original (uncorrected), and corrected angular velocities, obtained for different voltages applied to the thrusters, are shown in Figure  18 . This figure shows the approximation to the real speed using the correction factor F c . Figure 19 shows the response of the original and corrected thruster model to a step input. Figure 21 shows the relationship between the PWM and the voltage measured at terminals of the power circuit (this circuit is described in Section 2.2).
PWM function
The circuit that generates the voltage according to the PWM command signal is shown in Figure 22 . A 12 V power supply is used in this circuit. Figure 23 show the graph of Equation 68 and data measured experimentally. This trajectory was generated with the rudder in neutral position and with the same angular velocity in both thrusters. After a certain time, the rudder was turned 30o counter clockwise. The result of this operation is shown in Figure 24 . This trajectory was generated with the rudder in neutral position and with the same angular velocity in both thrusters. After a certain time, the rudder was turned 30 o clockwise. The result of this operation is shown in Figure 25 . Results obtained with the measurement system and other aspects related with the robot can be seen in the article Medición de caudales mediante la implementación de un vehículo acuático teleoperado [4] .
Rudder and Simulink model
Conclusions
The differential locomotion model proposed for the SA-1 works properly according to the design. With the calculation of the propeller pitch, it was possible to establish an analogy with differential earth vehicles and, thus, find out a suitable kinematic model based on this parameter.
The dynamic model of Nomoto works adequately within the model constraints (such as considerations made for the speed and thrust). The hydrodynamic coefficients were obtained using empirical equations which are, in turn, commonly used in large ships. The dynamic model was validated by comparing its step response to that obtained with the Menezes' model.
Despite existing many methods to determine some unknown characteristics of electric motors, here a new and rapid method was presented based in experimentation (such as the measure of voltage and angular speed with a multimeter and tachometer, respectively) and numerical methods to adjust the transfer function of the motors to more realistic conditions with a minimum of error and thus, obtaining a good model of these. Therefore, the thruster model obtained in this work is appropriate for the intended application of this platform.
The PWM function shows a small error with respect to the experimental values; however, this value does not significantly affect the values of the output voltage that this function returns. Therefore, the PWM function developed is considered suitable for simulation purposes.
The simulations showed that the SA-1 can be positioned in any part of the body water, according to the user's requirements. Thus, the models and simulations developed in this article are appropriate and, in the future, will allow designing control systems that meet the needs of the aquatic platform and, hence, validating the models through the obtained experimental data. 
